In this paper, we obtain a general expression for the entries of the rth power of a certain n×n complex anti-tridiagonal matrix where if n is odd, r ∈ Z or if n is even, r ∈ N. In addition, we get the complex factorizations of Fibonacci polynomials, Fibonacci and Pell numbers.
Introduction
Arbitrary integer powers of a square matrix is used to solve some difference equations, differential and delay differential equations and boundary value problems.
Recently, the calculations eigenvalues and integer powers of anti-tridiagonal matrices have been well studied in the literature. For instance, Rimas [1] [2] [3] obtained the integer powers of anti-tridiagonal matrices of odd and even order. Oteleş and Akbulak [8] [9] [10] generalized Rimas's the some results and obtained complex factorizations. Gutiérrez [11] calculated the powers of complex persymmetric or skew-persymmetric anti-tridiagonal matrices with costant antidiagonals. For details on the eigenvalues and the powers of tridiagonal and anti-tridiagonal matrices, see [4] [5] [6] [7] 12] . We obtained integer powers of the tridiagonal matrix A n =        a 11 = a nn = a a 12 = a n,n−1 = 2b a 21 = a n−1,n = b tridiag(−b, a, −b), other 
where
for λ k is the k-th eigenvalue of A n see [14, p. 3] and T j (.) is the j−th degree Chebyshev polynomial of the first kind [11, p. 14] .Öteleş et al. computed integer powers of certain complex tridiagonal matrix
where T j (.) is the j−th degree Chebyshev polynomial of the first kind [11, p. 14] , λ k is the k-th eigenvalue of the matrix B n and
be the anti-tridiagonal matrices, where b = 0 and a, b ∈ C. In this paper, we obtain the integer powers of the n × n complex anti-tridiagonal matrices in (5) and (6) . We also get the complex factorizations of Fibonacci polynomials, Fibonacci and Pell numbers using the eigenvalues of the matrices A n and B n .
General Expression of A r n
In this section, we obtain a general expression for the entries of the r-th powers of an n × n complex anti-tridiagonal matrix A n and B n in (5) and (6) where if n is even, r ∈ N or n is odd, r ∈ Z.
Lemma 1 Let a, 0 = b ∈ C, n ∈ N and
Proof. See [7] .
Lemma 2 Let A n be an n × n complex anti-tridiagonal matrix given by (5) . Then
Proof. We will show by induction on r. The case r = 1 is clear. Suppose that the equality (10) is true for r > 1. Now let us show the equality (10) is true for r + 1. By the induction hypothesis we have
The same proof can be done easily for the matrix B n .
Theorem 3 Let A n be an n × n complex anti-tridiagonal matrix given by (5). If n is odd, then the r-th power of
for i = 1, . . . , n; j = 2, . . . , n − 1 and if n is even, then the r-th power of A n is
and
for i = 1, . . . , n; j = 2, . . . , n − 1.
Proof. Let A r n = (a r ij ) and U = A r n . We obtained the eigenvalues of A n as
and the entries of the matrix U as
and for i = 1, . . . , n and j = 2, . . . , n − 1
(see [14, p.]) and T s (.) is the s−th degree Chebyshev polynomial of the first kind [13, p. 14] . If r is even, then the equalities (15) and (16) are valid by the equality (10) . Let r be odd number. If we multiply the equalities (15) and (16) by J n from left side, then we have
Hence we obtain a r n−i+1,j = u n−i+1,j (r)
. . , n; j = 1, n and a r n−i+1,j
. . , n; j = 2, . . . , n − 1.
Theorem 4 Let B n be an n × n complex anti-tridiagonal matrix given by (6) , V = B 
, if r is even
, if r is odd
where i, j = 1, . . . , n and
are the eigenvalues of the matrix B n .
Proof. Since B r n = B r n from (10) for r is even, the equality (17) is valid. Let r be odd number. If we multiply the equality (4) by J n from the left side, then we have
Corollary 5
Let the matrix A n be as in (5) . Then the eigenvalues of A n are
Proof. See [3, p.574] and [14, p. 5] .
Corollary 6 Let the matrix B n be as in (6) . Then the eigenvalues of B n are
where k = 1, . . . , n. 
Numerical examples
Considering the Eqs. (11-14), we can find the arbitrary integer powers of the n× n complex anti-tridiagonal matrix A n in (5), where n is positive odd integer.
Example 7 Let n = 3, r = 3, a = 1 and b = 3. Since 
and since 
Complex Factorizations
The well-known the Fibonacci polynomials F (x) = {F n (x)} ∞ n=1 are defined by F n (x) = xF n−1 (x) + F n−2 (x) with initial conditions F 0 (x) = 0 and F 1 (x) = 1. For x = 1 and x = 2, then we obtain the Fibonacci and Pell numbers as F n (1) = {0, 1, 1, 2, 3, 5, 8, . . .} and F n (2) = {0, 1, 2, 5, 12, 29, . . .}, respectively.
Theorem 9 Let A n be an n × n complex anti-tridiagonal matrix given by (5) . If a := x and b := i, then
where i = √ −1.
we arrive at
Since det(J n ) = 1, n ≡ 0 or 1 mod 4 −1, n ≡ 2 or 3 mod 4, the proof of theorem is completed.
Corollary 10 Let A n be an n × n complex anti-tridiagonal matrix given by (5) . If a := x and b := i, then the complex factorization of generalized Fibonacci-Pell numbers is the following form:
Proof. Since the eigenvalues of the matrix A n from (18)
the determinant of the matrix A n can be obtained as
By considering (20) and Theorem 9, the complex factorization of generalized Fibonacci-Pell numbers is obtained.
Theorem 11 Let B n be an n × n complex anti-tridiagonal matrix given by (6) . If a := 1 and b := i, then
and if a := 2 and b := i, then
where i = √ −1 and F n and P n denote the nth Fibonacci and Pell numbers, respectively.
Proof. Applying Laplace expansion according to the first two and last two rows of the determinant of B n , we have
If we take a := 1 and b := i in (23), then we get
we obtain (21). Similar to the above, we can easily obtain Pell numbers.
Corollary 12 Let B n be an n × n complex anti-tridiagonal matrix given by (6) . , n is odd.
We can easily obtain Pell numbers similarly for a := 2 and b := i. Thus, the proof is completed.
